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Definition

A lattice walk is a sequence P0, P1, . . . , Pn of points of Zd. We
call P0 and Pn its starting and end point, respectively, the
consecutive differences Pi+1 − Pi are its steps, and n is its length.

Problem

Let P,Q ∈ Zd and D, S ⊆ Zd and n ∈ N.

What is the number of walks in D that start at P, end at Q and
consist of n steps taken from S?

How does it depend on P,Q and D, S and n?

How does the number of walks grow as n goes to infinity?

2



Definition

A lattice walk is a sequence P0, P1, . . . , Pn of points of Zd. We
call P0 and Pn its starting and end point, respectively, the
consecutive differences Pi+1 − Pi are its steps, and n is its length.

Problem

Let P,Q ∈ Zd and D, S ⊆ Zd and n ∈ N.

What is the number of walks in D that start at P, end at Q and
consist of n steps taken from S?

How does it depend on P,Q and D, S and n?

How does the number of walks grow as n goes to infinity?

2



Definition

A lattice walk is a sequence P0, P1, . . . , Pn of points of Zd. We
call P0 and Pn its starting and end point, respectively, the
consecutive differences Pi+1 − Pi are its steps, and n is its length.

Problem

Let P,Q ∈ Zd and D, S ⊆ Zd and n ∈ N.

What is the number of walks in D that start at P, end at Q and
consist of n steps taken from S?

How does it depend on P,Q and D, S and n?

How does the number of walks grow as n goes to infinity?

2



Definition

A lattice walk is a sequence P0, P1, . . . , Pn of points of Zd. We
call P0 and Pn its starting and end point, respectively, the
consecutive differences Pi+1 − Pi are its steps, and n is its length.

Problem

Let P,Q ∈ Zd and D, S ⊆ Zd and n ∈ N.

What is the number of walks in D that start at P, end at Q and
consist of n steps taken from S?

How does it depend on P,Q and D, S and n?

How does the number of walks grow as n goes to infinity?

2



Definition

A lattice walk is a sequence P0, P1, . . . , Pn of points of Zd. We
call P0 and Pn its starting and end point, respectively, the
consecutive differences Pi+1 − Pi are its steps, and n is its length.

Problem

Let P,Q ∈ Zd and D, S ⊆ Zd and n ∈ N.

What is the number of walks in D that start at P, end at Q and
consist of n steps taken from S?

How does it depend on P,Q and D, S and n?

How does the number of walks grow as n goes to infinity?

2



Definition

A lattice walk is a sequence P0, P1, . . . , Pn of points of Zd. We
call P0 and Pn its starting and end point, respectively, the
consecutive differences Pi+1 − Pi are its steps, and n is its length.

Problem

Let P,Q ∈ Zd and D, S ⊆ Zd and n ∈ N.

What is the number of walks in D that start at P, end at Q and
consist of n steps taken from S?

How does it depend on P,Q and D, S and n?

How does the number of walks grow as n goes to infinity?

2



Definition

A lattice walk is a sequence P0, P1, . . . , Pn of points of Zd. We
call P0 and Pn its starting and end point, respectively, the
consecutive differences Pi+1 − Pi are its steps, and n is its length.

Problem

Let P,Q ∈ Zd and D, S ⊆ Zd and n ∈ N.

What is the number of walks in D that start at P, end at Q and
consist of n steps taken from S?

How does it depend on P,Q and D, S and n?

How does the number of walks grow as n goes to infinity?

2



When D = N2 and S ⊆ {−1, 0, 1}2 these questions can be
approached by studying the following

Problem

Solve

K(x, y; t)F(x, y; t) = xk+1yl+1 + K(x, 0; t)F(x, 0; t)

+K(0, y; t)F(0, y; t) − K(0, 0; t)F(0, 0; t)

for F(x, y; t) in Q[x, y][[t]], where

K(x, y; t) := xy(1− tS(x, y)) and S(x, y) :=
∑

(i,j)∈S

xiyj.

Is its solution rational, algebraic, D-finite or D-algebraic?
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The systematic study of such functional equations was initiated in
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Let

S(x, y) = a−1(x)y+ a0(x) + a1(x)y

= b−1(y)x+ b0(y) + b1(y)x

be such that

a−1(x), a1(x), b−1(y), b1(y) 6= 0.

Define

φ : (x, y) 7→ (
b−1(y)

b1(y)
x, y

)
and ψ : (x, y) 7→ (

x,
a−1(x)

a1(x)
y

)
,

and let
G = 〈φ,ψ〉.
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For g ∈ G, let sgn(g) be 1 or −1 depending on whether g has even
or odd length, respectively, when written as a word in φ and ψ.

Define
OS(xk+1yl+1) :=

∑
g∈G

sgn(g)g(xk+1yl+1).

Theorem [Mishna, Bousquet-Mélou, Bostan, Kauers, Rechnitzer,
Melczer, Raschel, Salvy, Fayolle, Kurkova]

• |G| <∞ ⇐⇒ F(x, y; t) is D-finite.

• |G| <∞ and OS(xk+1yl+1) = 0 ⇐⇒ F(x, y; t) is algebraic.
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Are there any examples for which

|G| <∞ and OS(xk+1yl+1) = 0,

but F(x, y; t) is not algebraic?

7



Yes.

If the starting point (k, l) is allowed to lie in Z2 \ N2.
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Let
S(x, y) = x+ y+ x+ y.

The associated group is finite,

G = {(x, y), (x, y), (x, y), (x, y)},

and the orbit sum is

OS(xk+1yl+1) = xk+1yl+1 − xk+1yl+1 + xk+1yl+1 − xk+1yk+1

= 0, if (k, l) = (−1,−1).
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(1− t(x+ y+ x+ y))F(x, y; t) =

xy− txF(0, y; t) − tyF(x, 0; t)

[t0]F(x, y; t) = xy

What do we mean by F(0, y; t) and F(x, 0; t)?
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F(x, 0; t) := [y0]F(x, y; t)

F(0, y; t) := [x0]F(x, y; t)
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F(x, 0; t) := [y0]F(x, y; t)

F(0, y; t) := [x0]F(x, y; t)
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F(x, y; t) =

[x<y<]
xy− xy+ xy− xy

1− tS
+

ty[x<]
((

[y>]
y− y

1− St

)(
[y]
xy− xy− xy+ xy

1− tS

))
+

tx[y<]
((

[x>]
x− x

1− St

)(
[x]
xy− xy− xy+ xy

1− tS

))
+

xyt2[y>]
((

[x]
(y− y)[y]

xy− xy+ xy− xy

1− tS
1− tS

)(
[x>]

x− x

1− tS

))
+

xyt2[x>]
((

[y]
(x− x)[x]

xy− xy+ xy− xy

1− tS
1− tS

)(
[y>]

y− y

1− tS

))
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The coefficient sequence of F(1, 1; t) satisfies the recurrence

(2+ n)(4+ n)(6+ n)(−1+ 2n+ n2)an+2

− 4(3+ n)(−18+ 4n+ 9n2 + 2n3)an+1

− 16(1+ n)(2+ n)(3+ n)(2+ 4n+ n2)an = 0.

Its only asymptotic solutions are of the form

an ∼ 4nn−1 and an ∼ (−4)nn−3,

which are not compatible with algebraicity of F(x, y; t).
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F(x, 0; t) := [x≥y0]F(x, y; t)

F(0, y; t) := [x0y≥]F(x, y; t)
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F(x, 0; t) := [x≥y0]F(x, y; t)

F(0, y; t) := [x0y≥]F(x, y; t)
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F(x, 0; t) := [x<y0]F(x, y; t)

F(0, y; t) := [x0y<]F(x, y; t)
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F(x, 0; t) := [x<y0]F(x, y; t)

F(0, y; t) := [x0y<]F(x, y; t)
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We could not derive a differential equation for F(1, 1; t).

But we could guess one and show that the transcendence
of F(1, 1; t) would follow from its correctness.

The asymptotics were compatible with F(1, 1; t) being algebraic.

However, we could show that

F(1, 1; t) = A(t) + T(t),

where A(t) is algebraic and T(t) is D-finite but transcendental.
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Let r ∈ N, and p0(t), p1(t), . . . , pr(t) ∈ Q(t).

How can a differential relation

p0(t)f(t) + p1(t)f
′(t) + · · ·+ pr(t)f(r)(t) = 0

imply the transcendence of a function f(t)?
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Step 1

Change your point of view.
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Let f(t) be a function, and let L ∈ Q(t)[D] be such that

L · f = 0.

20



Let Q(t)[D] be the set of differential operators of the form

p0 + p1D+ · · ·+ prDr.

It is naturally endowed with the structure of a
non-commutative ring and right-Euclidean domain.
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For all U,V ∈ Q(t)[D] with V 6= 0 there are unique
Q,R ∈ Q(t)[D] with ord(R) < ord(V) such that

U = QV + R.

We write

rquo(U,V) := Q and rrem(U,V) := R.

The greatest common right divisor and least common left multiple
of U and V are denoted by

gcrd(U,V) and lclm(U,V).
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Step 2

Check if L is completely reducible.
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Step 2

Check if L is completely reducible.
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An operator L ∈ Q(t)[D] is called irreducible, if

L = L1L2

for L1, L2 ∈ Q(t)[D] implies

ord(L1) = 0 or ord(L2) = 0.

An operator L ∈ Q(t)[D] is called completely reducible, if there
are irreducible operators L1, . . . , Ln ∈ Q(t)[D] such that

L = lclm(L1, . . . , Ln).

In this case, and if this factorization is minimal,

sol(L) = sol(L1)⊕ · · · ⊕ sol(Ln).
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Step 3

Check which of the Li’s only have algebraic solutions.
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Step 3
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An irreducible operator has either only algebraic solutions
or the only algebraic solution is 0.
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To check that Li has only algebraic solutions:

• Compute the first terms of a series solution of Li.

• Guess a minimal polynomial m(t, x) for it.

• Compute an annihilating operator M for its solutions.

• Check whether gcrd(M,Li) 6= 1.

If gcrd(M,Li) 6= 1, then

Li = gcrd(M,Li),

and Li has only algebraic solutions.
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How to detect an operator which has transcendental solutions?
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Inspect its generalized series solutions:

exp(s1x
−1/v + s2x

−2/v + · · ·+ sux−u/v)
× xα((c0,0 + c0,1x1/v + c0,2x2/v + . . . )

+ (c1,0 + c1,1x
1/v + c1,2x

2/v + . . . ) log(x)

+ . . .

+ (cm,0 + cm,1x
1/v + cm,2x

2/v + . . . ) log(x)m)
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Assume that k ∈ {1, . . . , n} is such that L1, . . . , Lk−1 only have
algebraic solutions, while the non-zero solutions of Lk, . . . , Ln are
transcendental.

If
L · f = 0,

there are functions f1, . . . , fn such that

f = f1 + · · ·+ fn and Li · fi = 0.

30



Assume that k ∈ {1, . . . , n} is such that L1, . . . , Lk−1 only have
algebraic solutions, while the non-zero solutions of Lk, . . . , Ln are
transcendental.

If
L · f = 0,

there are functions f1, . . . , fn such that

f = f1 + · · ·+ fn and Li · fi = 0.

30



Step 4

Check if fk + · · ·+ fn is transcendental.
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If f were algebraic, then so would be

M · f =M · fk 6= 0,

for
M = lclm(L1, . . . , Lk−1, Lk+1, . . . , Ln).

This cannot be the case, if one can show that

P = rquo(L,M) with P · (M · fk) = 0

does not have any non-zero algebraic solutions.
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Summary:

1 Differential Operators

2 Irreducibility and Complete Reducibility

3 Algebraicity / Transcendence and Irreducible Operators

4 Transcendence and Complete Reducible Operators
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Quadrant Walks Starting Outside the Quadrant, 2020

• Manfred Buchacher, Algorithms for the Enumeration of
Lattice Walks, 2021

• Manuel Kauers, Guessing Handbook, 2009

• Manuel Kauers, A Mathematica Package for Computing
Asymptotic Expansions of Solutions of P-Finite Recurrence
Equations, 2011

• Christoph Koutschan, HolonomicFunctions (User’s Guide),
2010

• Maplesoft, Maple User Manual, 1996-2021.

34


