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In Random Words

Subword frequencies: X, = {%}
uexk

n — oo

LLN: X E[xk]

in prob

CLT: JVn (X, - E[X.])

in dist

C = lim_,. (n COV[X,])
rank C = (|Z]-1)k
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Formal sums: W, = RZK

Example: W, = R{HH,HT,TH, TT}
f=HH-HT-TH+TT e W,

Here #f = o(1//n) in prob by CLT
Actually #f scales as 1/n w
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Goals

I. Scale every statistic f € W, := R{a,b, ...,c}¥
n"E[(#f)°] -> C>0

yy grading: W, = @. W,
IT. Diagonalize the covariance in every W,.

Y .....’.:pa n" E[#f, #fJ] -> A aij
.'.'-‘:' X components: W,.= @, W,
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Word Patterns Everywhere

2-sample Statistical Tests #XY, #XYX+HYXY
XY X Y Y YX Y

g VA
Intransitive Dice #AB + #BC + #CA xfm Vs
B < B
Discrete Lévy Area #NE-#NW+#SW-#SE :E | I
Simultaneous Core Partitions H# +#

Funcs on Hypercube {0,1}" #001-#011-#100+#110
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Discrete stream from =" -> a path in RI*|

Counting subwords from =K -> k-fold integrals, eg;

#XYX e fffmsd dxrdstx’r
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Signa‘l'ur'e Method che (1958) Lyons (1998)

Discrete stream from =" -> a path in RI*|

Counting subwords from =K -> k-fold integrals, eg;

#XYX =2 fffmsd dxrdYde’r

Machine learning application: Use the level-k

signature as characteristic features of paths.

Levin Lyons Ni (2013) Chevyrev Kormilitzin (2016)
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One-sample model W(n,(p,,pPs.Pc.,--))
I. Gr'adingi Wk: WkO D - P Wkk yy
#f/nk from W, . has order n/2

IT . Wi = Wio @ Wiy @ ... & W, (k—r)

17 . k—r—m s
Y il Wirm = L3 ker (01 ‘I'V(Hm)r)
. dim Wiy, = (7 (12 = 1)
{oe _ (k!)2
° )\L'-r-m.  (EHm)l(k—r—m)!
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The Words Algebra

Shuffle / Insertion operator
L bbc = abbc + babc + bbac + bbca

Deletion operator
9, (abac - baab) = bac + abc - 2 bab

Replacement operator
O, sababa = sbbaba + sabbba + sababb

e.g. [Dieker Saliola 2018]
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The Words Algebra

Random to random card shuffling [DS 2018]
R =129, +LW2, +LW.o, +LLd,+
Rbbc = 5bbc + 3bcb + 1 cbb

Merging operator [ELT 2020] @

M, =Id+Wd + 1232+ 111333+ ...

22 312

M, bbc = 6 bbc + 3 bcb + 1 cbb
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Primary Decomposition

For Z={ab,c,..} consider 1,2 ¢ RXZ
l1=a+b+c+ .
2 such that <1,2> =0

The covariance of ZK is composed of blocks,
Ml : vkr' e vkr'
V.. = span {e : #1(e)=k-r, #2(e)=r }



Full Decomposition

Over {1,2}, the merging operator
MI: vkr' e vkr'

M, = Id + W, + -L,29,2 + L3933+ ...

212 312

admits the eigendecomposition

Vi = (ker 3;<mm1) N (ker d,kr-m)-

Hkrm = (iﬁ:) dim Vi = (mn\ﬂ—l)
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One-sample model W(n,(p,,pPs.P..,--))
W = Ulc:il Wk

12

@r’m(urm ® RIZI-1)

1
spaces of r-variate orthogonal polynomials

of degree m wrt the discrete simplex 1 -
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More Subword Spaces

k K = (kalkbl '")
W, (#a,#b,..)) = K

R{SSTT,STST,STTS, TSST,TSTS,TTSS}

R{ABC,ACB,BAC,BCA,CAB,CBA}




More Subword Spaces

Partition k into k = (K, Ky, ...)
W, = sums of words with (#a,#b,..) = K

Wi 5y = R{ssTT,sTST,sTTS, TSST, TSTS, TTSS}

W 1 1) = R{ABC,ACB,BAC,BCA,CAB,CBA}

— ) —




Results FE Lakrec Tessler 2020

Multi-sample model W'(n,,n,.n.,...)
III. GradinQ: WK - WKO DD WK(lKl- max K)

#£f/nl from W, has order n/2 w

Assumption: ¥x n./n->p, >0
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Two-sample model W'(n_,,n,)

IV. Diagonalization of covariance

k—2r r—1

-""?” — @ @ HH??} Hf:(llifa-_;ﬂb)._ '?’E{].._...._;itb}

i=0 5=0
(ka+Fkp—2r—i+7+1)(ka+hkp—1—75—2)!
(ka +kp—i—r)l(r—75—1)

—_ _ @abl-ua
. ) Eb ‘ W o Lle a—b+1
— (a,b)

N (Ka!)? (ko!)? (a +Ab—21)(A +hy—2r 4+ 1)
Kriy) — (}Ca—}’) }lb—}')1 g)' 2;1 +2}lb_7 _3_‘}) (}la+;lb_27+1—f—j)'

dim Wi, =

17 _ \kp—r pg 7 | -
Wirij = O " L] L kEEl( A
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S, U k-letter words

(aabc + 8 cbaa) (2341) =

NN

(abca + 8 baac)



W

Decompositions

S, U k-letter words

e 4

K:

S

D simple S, -representations




Decompositions

S, U k-letter words

W, = @ simple S -representations

— WKO 69 WKl 69 WKZ 69
W,. = @representations of width k-r
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S, U k-letter words

W, = @ simple S -representations

— WKO 69 WKl 69 WKZ 69
W,. = @representations of width k-r
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Example: k = (2,2) AABB
W, = R{AABB, ABAB, ABBA, BAAB, BABA, BBAA}

= WKO @ WKl @ WKZ

s’rcore

dim: 1-dim 3-dim 2-dim
scale: 1 1//n 1/n

dist: const normal 2 normal?
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Example: k = (1,1,1) m

W, = R{ABC, ACB, BAC, BCA, CAB, CBA}
= WKO D WKl D WKZ

T CH D I D N

Gepner

dim: 1-dim 4-dim 1-dim
scale: 1 1//n 1/n

dist: const normal 2 normal?
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